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Chapter 1: AP Calculus AB Review 7

1. AP Calculus AB Review

% Limits

& Existence of Limit
The limit of a function f(x) exists at = =a if and only if the left-hand limit and the right-hand limit of
f(z) have the same value of L.

limf(z) =L if and only if lim f(z) = lim f(z) = L limf(z) = Left-hand limit
lim f(z) = Does Not Exist if lim f(z) # lim f(z) lim /(=) = Right-hand limit
z—>a (DNE) o g

;(Example 1) Use the graph of f to evaluate the following.

(©) lim f(x) = DNE @ f(—2)=—1
(© lim/(z) = 1 (@) f(0) = DNE
(©) lim/f(z) =DNE (d) f(2)=DNE
(©) 1i =2 _
lim /() @ f(4)=1
I . 0
& Limit of Indeterminate form: o
- Rational Expressions
Step 1. Factor the numerator and denominator.
Step 2. Cancel the common factor.
;(Example 2) Evaluate the following limit.
: lim z2—9 — (z+3)=—=3) @ +b=(a+b)(a®—ab+b?)
3 10— 97 ‘rlilz’zl/((z//;)")/(12+3m+9) B—p = (a— b)(a2 + ab+b2)
: _E r+3
8 30+
3+3 6

C32+3(3)+9 27

Copyright (© by Infinite Challenge Publishing. No part of this publication may be reproduced without the prior written permission of the publisher.



40 Chapter 1: AP Calculus AB Review

Chapter Review Exercises

Do not use a calculator.
1. Evaluate the following limits.

. (z+1)P-8 . 2= T—x
@ hm(f) @ lim————5—
r—1 T 1 z—3 x—3
. -3 .
@ lim ot @ lim €™
T3 |$_ | o\t
(3
. 3
. 2 . 4x+1
® lim=" ® lim —F——
z—0 $3 z—00 4/ xQ — 2

2. Sketch a graph of function f(z) that satisfies all of the following conditions.

f(fl):f(2):*2 ‘“y
rlﬂirinoof(os) =0 .

lim f(z) =1 2

o 1

lim f(z) = -
o1t —3—2 —_1 01 2 3 4 bx

lim f(z)= co —d

rz—>—1 + _2

lim f(z) =1, lim f(z) ==2 -3

T—>2" z—2" |

Copyright (© by Infinite Challenge Publishing. No part of this publication may be reproduced without the prior written permission of the publisher.



48 Chapter 2: Integral Techniques

2. Integral Techniques

% Integration by Parts

fuv'dsc =uv —fu’vdx
& Order of v and v’

Logarithmic — Inverse Trig — Polynomial — Exponential — Trigonometric : LIPET

’
U <€ >» U
d , ,
: [Proof] E(uw) =u'-v+u-v"  (Product Rule)
Integrate both sides with respect to x: /%(u-v)dz = f(u’-v)dac +f(u~v’)dz

uUv :/u'vdm +/uv'dm
B / uv' dr = uv — / u' vdx

i (Example 1) Evaluate the following indefinite integrals.

: 2
@ /xe “dax u = Polynomial, v’ = Exponential

w =z, v =~ /1621:(17 _l”,n 1 4 O

ST 2 2
u =1, ==
2 ’
uv u' v

@ /xcos?md:z: uw = Polynomial, v’ = Trigonometric

=z, v =cosd 1 1
v=ev oS =x- —sm3z—/—sm3zdm = —xsin3z + —cos3z + C

Buysiignd sbusjieyd suuyul Aq © ybuAdon

, 1 .

u =1, v :gsmi’)x 3 9
uv u v
:® /x Inz dx u = Logarithmic, v = Polynomial

u =lnz, v’ = 1

.1 1, /—xdzz—xlnx——x—i—C‘
w ==, v =—x 16

T 4

UU U’U

Copyright (© by Infinite Challenge Publishing. No part of this publication may be reproduced without the prior written permission of the publisher.



Chapter 2: Integral Techniques

67

d
® [——2
Va©+4x+8

E(Example 2) Evaluate / Va—2 dzx.

Let © =2sinf.

do
dx =2 cosfdf

:/ V4cos?0 - 2cos0dl

1 1 :/4(;0329(19
cos%0 = =+ = cos20

2 2
= 4(l + é cos2t9) df

2

/ (2 + 2c0s20) do

= 25sinf cosf 20 + sin20 + C

142}

&

=)

IS

S
|

[EX2] Evaluate the following integrals.

22 dx
v f \/9—3:2

:/ V4 — 4sin0 -2c0s0dd
dr_y = [ VA= 4sin® 200500
:f 4(1— sin%0) -2cosh do

= 20 + 2sinfcost + C ——

—> The answer should be expressed in terms of x.

. . T 0
r=2sinf = sinf =— = orp.

2 hyp

T \/4—a:2 7;\/4—7;2

2 2 2

2sinf cost = 2-

Copyright (© by Infinite Challenge Publishing. No part of this publication may be reproduced without the prior written permission of the publisher.



70 Chapter 2: Integral Techniques

% Integration by Partial Fractions

L 2 / ggi; (z) and D(x) are polynomials.

If the degree of the numerator is greater than or equal to the degree of the denominator, use long

division and write a division statement. Then integrate.

;(Example 1) Evaluate the following integrals.
: 4 Division Statement

.
7x+4dx ®/ +x+5 N _ R
z+1 2244 D -@tp

7 1

z +1 e + 4 _/( 1+1) 22+4 | 2+z+5 - (1+,7,-2+4
| w4+ 7 =7z —3hnlz+1] + C —|®  +4 _ (1+ x
- 2

-3 z+1

=z +—1 (a: +4) %tan 1(%)+C
Tr+4 _n 3 . z?+z+5 —1 r+1
z+1 z+1 S ) 22 +4
J+2x3+2
@ — o dr T 1 2 2

€T +1 /ﬁdﬁl;‘:Eln(.’B +a)+C’ '

' +a '

2 + x /;da; — ltan_l(ﬁ +C

- ] z2 +a? a a :

P41 | P42t +0+ 042 o!

—r+2 2

— .53 = 24z + dx =%

‘"L T / z?+1 ) <

3 B

x + 2 .

3 + */(mg-i-l' x + 2 dx ©E

- z T = - :

| 2241 21 2

—z+2 %}

) _ 14 1, 1 2 —1 s

Pt L Tt =7 + 5 *Eln(x +1) + 2tan 'z + C '_5

41 2’ +1 :

[EX1] Evaluate the following integrals.
) / 2+ 5z — 4 d

z—1

Copyright (© by Infinite Challenge Publishing. No part of this publication may be reproduced without the prior written permission of the publisher.



Chapter 3: Applications of Definite Integrals 127

% Surface Area of Solids of Revolution

The area of the surface generated by revolving a curve from (a, ¢) to (b, d) about the z-axis

is defined by § = /27ry ds.

(1) y=f(z), a<z<b: 8= / 27ryvl+(3x) dx
d
2) z=gly), c<y<d: 8= ‘/;27ryV1+(d—z) dy

Lateral Surface Area of a Frustum

r = w (smaller radius + larger radius) (slant length)
=m(r +r)As
If As—0, r =,

Let r,=r,=r.

Al Lateral surface area of a frustum = #n(r+r)ds = 2nrds

..1d01 A9 © wbuAdog

The curve y=f(z) from (a,c) to (b, d) is revolved about the z-axis.

ds
dS = 2myds dy

dx

b b
_ o / 2 2 .
x S _\/;27Tyd5 - /a 27ry (dz) +(dy) ds = \/(d;lf)2+ (dy)*
b dy 2
= faQﬂ-y“l_‘—(E dz
( f 27ry1/1+( dl)

A (b.d) . y=flz)

Lateral Surface Area= 2wy ds (radius = y)

iabout the x-axis.

dy 1 ? dx
Method 1 =2y —= = —9or Y_ =Y ar _Y
( ) v o 7z (Method 2) y=2vz = 9 v = r=-y = a2

b 2 If z=1, y=2. If 2=4, y=4.
o= / 2ﬂy\/1+(ﬂ) dzx ‘ i Y d Y ‘
a dx 4 2
S = / 27ry\/1+( ) dy :/ 27ry\/1+(£) dy
f&z 2v/z1 ,/1+( LYy, ’ 2
= T 27T - — | dz
1 Vo

4 2 4
4 1 4 =f 27Ty“1+yz dy :/ 7ry\/4+y2dy
f 47r\/;Ul+; dx =f 4/ x+1 dx 2 2
1 1

20
) Y Let '11,:4—0—3/2. :/ %\/Edu
= [47r-§-(x+1)3/2} du "
1 d_y:2y :[ﬂ-z-ugﬂ 20:£[u3/2 ]20
_ 8m| sz |1 8T e ! 23 s 5 :
(z+1) (532 — 23/2) 1
3 L 3 gdu:ydy _ 1[203/2_83/2]
3
If y=2, u=S8. (OT :ﬁ(53/2_23/2))
If y=4, ©u=20 3

Copyright (© by Infinite Challenge Publishing. No part of this publication may be reproduced without the prior written permission of the publisher.



136 Chapter 3: Applications of Definite Integrals

[EX3] An inverted conical tank with a height of 6m and a diameter of 4m is filled with water to a height

of 5m. Find the work required, in J, to empty the tank by pumping all the water to the top rim of the tank.

The density of water is 1000kg/m® and the acceleration of gravity is g = 9.8 m/s>.

[EX4] A cylindrical tank with a height of 8t and a diameter of 8/t is half-full of oil. Find the work

required, in ft-ib, to empty the tank by pumping all the oil to an outlet pipe 2/t above the top of the tank.
The density of oil is 40 Ib/ f¢*.

Foot-pound force (/t-ib or ft-ib;) is a unit of work
or energy in the imperial system of units.

10

\4

Copyright (© by Infinite Challenge Publishing. No part of this publication may be reproduced without the prior written permission of the publisher.



144 Chapter 4: Parametric Equations and Polar Coordinates

4. Parametric Equations and Polar Coordinates

% Parametric Equations

The z and y coordinates of a point on a curve can be expressed as functions = = f(t), y=g(t) of
a third variable ¢, called a parameter. Such equations are called parametric equations.

z=f(t), y=g()

;(Example 1) (1) Sketch the curve by plotting points. Indicate the direction in which the curve is traced.
: (2) Eliminate the parameter to find the Cartesian equation of the curve.
(3) Check your sketch with a graphing calculator.

D a=t+1, y=£-2 (t=-2)

A
(1) . - y ?/l
_ _ | 31
2 1 2 1 2)
-1 0 -1 ' 2
1 |
0 1 —9 N
1 2 -1 3.2_-1\2;7?3 1 o
2 3 2 -
S TR N T
2 r=t+1 = t=zx—1
Since t >—2, x >—1.
Substitute t=xz—1 into y=1¢>—2. snoy=(z—-1)2-2 (z=-1)

(3) Set the to PAR. Then set the to Tmin=—2, Tmax= 10.

MIIEM scI EnG LT KOOLI
Tmin=-2 ]

Buysiignd sbusjieyd suuyul Aq © ybuAdo

LNEXT 4 IYmin=-18

Press [ Y=|. Enter t+1 into X,,, and *—2 into Y;,. Then press [GRAPH.
|'-:#<1 T ET;—I I

YirBT =2 1
SHET = I"

Ver=
[-10, 10] x [-10, 10]

WRETE
Var=

Copyright (© by Infinite Challenge Publishing. No part of this publication may be reproduced without the prior written permission of the publisher.



168 Chapter 4: Parametric Equations and Polar Coordinates

% Polar Coordinates

The polar coordinate system locates a point () in a plane by its distance (r) from the origin and by
the angle (9) between the positive z-axis and the line segment connecting the origin to the point P.

« Polar coordinate system « Cartesian coordinate system
0O
A Pz, y) §
(SI
=
©
o g
)
T
<& n-n-n»—) I
% A\ 4
(e.g.) P(4,%) = r=4 and 9:% — =23 and y=2

® A (3, 30°) @ B, n) @ (-5, 30°) @ 0(2, —1) ® E(—4, ——)

Note: If »<0, then reflect the point about the origin.
(_ka 0) = (ka 0+7T)

@ A(3,30°): r=3and §= %

@ B(4,7m): r=4 and =

® C(—5,30°) = C(5,210°): r=5and 6 = —

™ ™
@ D(Q, _Z)' r=2 and 6 = vy

® E(—4, —2—”) = E(4, ): r=4 and 0 = %

w|

[EX1] Plot the following points in the polar

D A(2,0) @ B(4,150°)
® cfs 7] @ pls. 5| S

Copyright (© by Infinite Challenge Publishing. No part of this publication may be reproduced without the prior written permission of the publisher.
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Chapter 4: Parametric Equations and Polar Coordinates

@ r=2—14sinb

0

€ Rose Curves

r= asinnf, r=acosnd

ot

A

i (Example 3) Consider the polar curve r=4cos36.

;(1) Sketch the curve by plotting points. Indicate the direction in which the curve is traced.

5(2) Check your sketch with a graphing calculator.

(1)
0 r r=0 when cos36 =0.
0 | 4 _m 3m b5m Tm
30 2727 27 27
™
o | " g7 T BT Tn
Tr 6 b) 2 b) 6 7 6 7
3 —4
m 0 r has a maximum/minimum when cos30 =+1. €
2
P . 30 =0, m, 27, 3m, -
3 p—o & 27
5_7T 0 — Y 35 3 y Ty 0"
6
T —4
7 :
R 0 :
6 o
lol]
T
S
Q'
=
(2) ©
gi
(A, 2CI  ENG Flokl Flokz Flotz —
QUEM 0izzuyc67E9 4 Bdcos 380 Qi
i “pPE= i
WIS . | :
wpy= B
“RE=
~"E=
HNEXT 4
[-6, 6] x [4, 4]

Copyright (© by Infinite Challenge Publishing.
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Chapter 4: Parametric Equations and Polar Coordinates 189

@ common to the Limagon r=5+4sinf and the curve r=4—sin(40).

[EX8] The graphs of the polar curves r= f() = 5+ sin(50) and r= g(#) = 10cos(f) are shown below.
The curves intersect when 6 =—0.9276 and 6 = p. Use a graphing calculator to solve the following questions.

@ Find the value of p.

N
>

@ Let R be the region enclosed by the curves r= f(6), < >

r=g(@), and the z-axis. Find the area of R.

\ 4

0 =—10.9276

® The ray 6=k (0<k< %) divides R into two regions with equal areas. Write, but do not solve, an

equation involving integral expressions whose solution gives the value k.

@ Let w(f) be the distance between the curves r= f(9) and r= g(d) at angle 6, —0.9276 < § < p.
Find the average distance of w(#) over the interval —0.9276 < 6 < p.

Copyright (© by Infinite Challenge Publishing. No part of this publication may be reproduced without the prior written permission of the publisher.



218 Chapter 5: Differential Equations

@ Using a graphing calculator, sketch the solution curve.

Flokl Flokz Flokz

Taon
il
1e18m, U-3FEEEN

wWe=
“Ma=
why=
“WE=

[0, 40] = [0, 1100]

@ Find the number of people who have heard the rumor after 20 days.

=400001+ 18860 0 FFEE_ 0
. B
£ &
=i
o
805 people g
Hzzo Do . Y=HOW.97EEY . —!
o}
: 2
:(5 Show that the rumor spreads the fastest when it reaches half the carrying capacity. ;
The rumor spreads the fastest when % reaches its maximum.
Ay (1— Y ) Ay _ W 5 Since k>0 and Yo 1--Y =g
dt ky(l 000 — @ MY 000 it~ 500
Find the second derivative. -y =500
2
@ _ k'% _ 2ky dy If y <500, d—g> 0. (The graph of y is concave up)
a?  dt 1000 dt dt
2
_ @(17 Y ) If y> 500, d—321< 0. (The graph of y is concave down)
dt\" 500 dt
Let ﬂ =0. o fl—g is the greatest when y = 500.
: dt?
[EX1] Solve the following differential equations.
dy y
® —:29(1——), y(0) =10 dy Y L
dt 500 x —ky(l—z) - ym i

dy _ 3y _ ¥ _
@ % =10~ To00 y(0)=5

Copyright (© by Infinite Challenge Publishing. No part of this publication may be reproduced without the prior written permission of the publisher.
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Chapter 5: Differential Equations

Chapter Review Exercises

The use of a calculator is pemitted.

1. The slope field for the differential equation =

dy :CQ*y

dx a:2+y

2

2

is shown below.

(D Sketch the solution curve that passes through the indicated point.

(1) 4(0,1)

(2) B(1,—1.5)

N N

,,,,, ~ NN

////// \\\k\.S'
e NN
S — — RN
S e — NN\

P g R S
////////—ﬁ'
ALl

NN N N N e —

NN N SN SN——— — —
NS SN SN —m——— =
NN NN ——
P N —— — s

N—— = s

N it LS
N—— s
— S

R A AL A5
P B P
//////’—\'0\'5'
R e NG
s e — — — NN
e NN\

////// \\\G'

005 3 A% 2

Noe=m LSS LS

N~—— S S
NN ~— o S
NNSN———— 7 s~
NN N ——— — o
NN i e
\\\\Q \\\\\
ORI - AR

—— NN NN W

NN NNSNSN————

@ Let y=f(z) be the particular solution to the differential equation with the initial condition f(0)=2. Use
Euler's method, starting at « =0 with two steps of equal size, to approximate f(0.5).

dy _ =y

dx 2
(D Sketch a slope field for the differential equation at the indicated points.

2. Consider the differential equation with the initial condition f(1)=1.

@ Use the slope field to sketch the solution curve that passes through the point (1, 1).

° o 2 ° °
° ° e 1 ° ° °
S 3 2 4 0 1 2 3
° ° o ™ ° °
° o 2 ° °
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Chapter 6: Infinite Sequences and Series, PartI 243

% Convergence Tests

[1] Divergence Test (nth Term Test)

If lim a, = 0, then 2 a, diverges.

n—> co n=1

Contrapositive statement: If Y a, converges, then lim a, = 0.

n=1 n—> 00

Note: If ]im a, = 0, then Z a, may either converge or diverge.

w=>e9 n=1
5 1,2 3 4 .
:(Example 1) Show that the series = —+4+ —+ —+ — + .... diverges.
i (Example 1) ,,Zl Y2 3747576 9
lim a, = lim = lim L =1 =0 .. The series diverges by the Divergence Test.
n—-+oco notoo M2 n—oteo gy 2

n

E(Example 2) Disprove the following statement: If ]im a, =0, then Ean converges.

n—> 00 n=1

. . . 1 1 1 1 1
Consider the harmonic series, Y, — =1+~ +—+—+— + -
- n 2 3 4 5

n=

. . 1 . .
lim @, = lim — =0, but the series diverges.

n—-+co n—+oo 1

.....d01 A9 © wbukdog

;(Example 3) Disprove the following statement: If lim a, =0, then Za diverges.

n— oo n=1

. . . L1 &1 1,1 1,1
Consider the geometric series with r= o 772:31 T = 1+ > + 1 + 3 + 16 + e
lim a, = hm = 0, but the series converges.

n—+oo n +o0 2" !

1 3 5 7 1 7 25 79
T S e
@ 3 7 11 15 @ 3 9 27 81
— +1
3 n @ n?
712232 Inn n2_31 on?+n+5

Copyright (© by Infinite Challenge Publishing. No part of this publication may be reproduced without the prior written permission of the publisher.
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[8] Alternating Series Test
A series whose terms are alternately positive and negative is called an alternating series.
(—1)""la, =a,—ay + a3 —a, + - o
n=1 '8
<
[%e} ) @
Z(—l) a,= —a;tay, —a; +a;— - =
n=1 il ©
a g
ay g
If 1. lim a, = 0 and, "
n— 00 4
2. 0,1 <a, forall n, :
then the alternating series converges. @) S, s, L s S,
limé$, = L

E(Example 11) Determine whether the series E % converges or diverges.

n=1 n
It is an alternating series with a, = 1
"oVn+1
1. Lma. = [i I
C G, T
1 1
.. The given series converges by the Alternating Series Test
Vn+1l +1 Vi +1 g g9es By d

[EX10] Determine whether the alternating series converges or diverges.

o _1n+1 [es) _1n+1

n=1 n=1 n

— (=1)""'n - cos(nm)
@ nzzjl n+2 @ nZ]Q h’ln
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00 (_ 1)n+1
@ Z ——, error <0.001 )
n=1 n
0 ( 1)n+1
@ Z ] , error <0.0001

1)n+ 1
@ 1) , error < 0.005
n—

I

n =

(Example 2) Approximate the sum of the alternating series E

Step 1. It is an alternating series with q, = N
(n+1)"
a = ——— < 0.0005
n+1 (n+2)n+1
1
n=2: a;= E = 0.0156 < 0.0005 x
1
n=3: a = = 0.0016 < 0.0005 %
8]
n=4: a;= g,) = 0.0001286 < 0.0005 Vv
. At least 4 terms are needed.
1)n+1 1 1
Step 2. -— = = — - =+ —=——= = 0403
P ,Lzl (n+1)" R 5 3

( 1)n+1

to three decimal places.
+1)"

n=1 (n

Note:
To be accurate to three decimal places,
the error should be less than 0.0005.

<o 0.403

1901 Aq © wbukdog
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7. Infinite Sequences and Series, Partll

% Power Series

4@ Power Series about z=0 (or centered at z=10)

2 a,z" = ay+ o,z + agz’ + az2® + - +a, "+ - (a,: coefficients)

n=0

4@ Power Series about z=c¢ (or centered at z=—¢)

Ean(x—c)" =gy +a(z—c)+ a2(:1:—c)2 + a3(:1:—c)3 + - +a,(x—c)"+ -
n=20
€ Radius of Convergence
There is a number R such that a power series converges if |z—c|< R and diverges if |z—c|> R.
The number R is called the radius of convergence of the power series.

& Interval of Convergence
The interval of convergence is the set of values of = for which a power series converges.
lz—¢c|l<R = —R<z—c<R = c—R<z<c+R

Note that the power series may converge or diverge at the endpoints of the interval.
Thus each endpoint must be tested separately for convergence or divergence.

. . . & z+2)
i (Example 1) Find the radius and interval of convergence of the series Z (1771) :
n=1 n :
Use the Ratio Test.
1 :
lim 1| _ lim W ___Inn ol
nooo | @, woeo | In(n+1) W é
G
n—>00 n\wn @:
= | (2242) - 1‘ = [2042| = 2|z+1] g
o
The series converges if 2|z +1]| < 1. ey
1 o1 :

|z +1] < Bl . The radius of convergence is 5
1 1 1 3 1
|z+1|<5 = *5<z+1<5 = Sy <r< o3
Endpoints:
3 - (2z+2)" S (—1)" 1 o (20+2)" S
If 2=——, = If x=——, —_— = —
* 2 ,; Inn ,;1 Inn * 27 = Inn a=11nn
1
1. lima, = lim~—= 0 Inn < n
no>o0 noo 1NN
! <L L > ii which is the divergent harmonic series
" In(n+1) " Inn Zlnn T [ Zin g i
.. The series converges by the Alternating Series Test. .. The series diverges by the Direct Comparison Test.
. . 3 1
. The interval of convergence is iy <z< 5
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;(Example 4) Find the first three non-zero terms of the Maclaurin series for f(z)=e"sinx.

(Method 1)  f(z) =¢"sinz = f(0)=0
f'(z) =e"sinz + e" cosz = e”(sinz +cosz)

" () =¢€" (sinz + cosz) + e“(cosx — sinz ) = 2e“cosz
S

Ly
P
I

f () =2e" cosz +2¢*(— sinzx)

SO o S0

2! 3!

flz) = f0) + £ (0)z +

By substitution, e’sinz = x + 2° + §.7:“ + -

2 3 3 5
T T . T T
Multiply the two Maclaurin Series.
2 3 3 5
. T T x x
e’sinx = 1+m+§+§+ )(q;f?{»gf
3 3 4 4
= 2_ 2 r _xr T
S TR R TH
3

[EX5] Find the first three non-zero terms of the Maclaurin series for the function f.

O flz)=Vz+1

@ f(z)=¢e"cosx

Copyright (© by Infinite Challenge Publishing. No part of this publication may be reproduced without the prior written permission of the publisher.



296 Chapter 7: Infinite Sequences and Series, Partl

% Taylor Series

@ Taylor Series
Let f be a function that is infinitely differentiable at = = a.
Then the Taylor series for f about x =a is

_ , /" (a) [ (a) 7™ (a) n
f(a:) = f(a)-l—f (a)(w—a)+T(z—a)2+T(w—a)3+ e+ ” (z—a)"+ --

o ¢(n)
_ gﬂf '(a) (x_a)n

n
E[PI"OOﬂ Let f(z) = c[]+(:1(:L'*a)+02(w*a)2+cg(w*a)3+c4(w*a)4 + .- +cn(w*a)”+ where |z—a|<R.
: fla) = ¢
flz) = ¢+ 262(17*0,) + 363(17*0,)2 + 404(33711)3 + -+ ncn(ac?a)”f1 + - = f'a) = ¢ oo =fa)
(@) = 2¢, + 6cy(z—a) + 12¢,(z—a)* + - + nln—1)c, (x—a)" >+ - = f"(a) = 2¢, = 2l¢, e = %('a)
F(e) = 6, + 2Ueyo—a) + - +nln—Dn—2e,@—a)? + - =6 =3 o=@
(4)
j'(4)(:z:) = 24c, + 12065(217*(1) + o +nln— 1)(7172)(n73)c”(x7a)"74 + e = f(‘l)((l,) = 24c, = 4lc, S = f ll(a)
(n)
f(”)(x) =nlc, + (7l+1)!cn+1 (z—a) + - = f(”)(a) =nlc, o, = 7f n'(a)

E(Example 1) Find the Taylor series and the interval of convergence for f(z)= sinz about z =r.

f(w) =sinz = flm) =0 flx) = fla)+ f(a)(x—a) + —f”;'a) (z—a)® + f”:;'(a) (z—a)®+ + f(”;'(a) (x—a)" +
J(@)=cosz = [flx)=—1 By substitution,
f”(x) =—sinz = f”(ﬂ—) =0 sine=0— (z—7) + 0+ %(I*Tf)g +0— %(I*ﬂ')s + e
f(x)=—cosz = f'(x)=1 ' .
) =sine = fOx) =0 - The Taylor series for sinz about z = is
_1\n+1
) =cosz = fO%m) =-1| sine = —(z—n) +%(z—7r)3—%(z—7r)5+ -I-%(z—w)%ﬂ-l-
: = (=D
‘_2%@n+nﬁm ™)
Ploti Flokz Plots Yy = —(x—w)+%(z—w)3

“WBsingH) 1 1 Sl

WeB-CH-ma+1 /S b vy = et grle =) =gl =)

wisg-CR-—ni+l- 5 F y, = sinz

“hly=

wNe=

“Me=

[—m, 3m] x [—4, 4]

To find the interval of convergence, use the ratio test.

01 A © qubuAdey

. Gpir | L. (z—m)™"  (2n+1)! o
lm | == = lim | G G Noto |(-)"| - 1
. (z—)? ‘
= S ST A——— <
lim | 5,35y 2n 7 2) 0<1

The series converges for z € R.
. The interval of convergence is all real numbers.
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@ Approximate ¢(0.3) such that this approximation differs from the actual value of ¢(0.3) by less than 0.002.

@ Find the interval of convergence of the series for the function g¢(z).

15. Let f be the function defined by f(z)= cos(2z).

@ Use the second-degree Taylor polynomial, P,(x), for f about z = % to approximate f(%)

@ Use the Lagrange error bound to show that ’f(%)— PQ(%) < 0.005.
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[EX2]
9sin?0-3cosf db 1 1
@ Let z = 3sinb = [ PSS —>:9(—9——sin29)+0
4 38 do V9 — 9sin*0 2 4
x = 3cost d .2 9 9
= 49511129‘3@529‘19 259*Zsin29+0 z=3sinf = Sinﬂzg
\/9(1*5in 9)
9 9 .
9sin®6- 3cosh df 259*2-2s1n0c030+0
S50 = 29— 2 Gino coso
9sin’6dé =5t~ 5 sinbcos +C
_9 .z 9 = 9— g’
/9( *fms%)dé— = 5 sin 3) 23 3 +C
_9 . yfz| = 9—z?
= 5 sin 3) ) + C
2 0 0deo 11 1
@ Let v = 2sech :f ‘sec tan _):f(f(9+fsin20)+0
dr = 2sech tan 0 dO Bsec’0: Vdsec' 0 -4 |
=
secv tan :/ 2secf tanf d6 :T69+ 3 sn2+ C
8sec®d- v4(sec?6 — 1) 1
Asech tarrd d :T69+§-251n9cos9+0
8sec®0- Zarrt” 1 ) 1 T4 9
do :—Secl(£)+—‘L‘—+C
:/ 2 16 2 16 T T
8sec™ 0 1 E—
1 e B BT
:/§c0329d9 16sec (2)+ o7 + C 2
1(1 1 [
:/§(§+§cos29)d9 — cosf) = —

@ Let x = 2tan6 :/v4tan29+4~25ec29d9 :/\/4(tan29+1>'25ec29d9:/23ec9-23ec29d9:/4sec39d9

— 2 .
dr = 2sec” 6 df :4/SGC39d9

x
_ . sect tanf + In|secf + tané| ‘e (J Refer to p63 [EX6] r=2tanf = tanfd = 5
2
2
= 2secl tanf + 2In|secd + tanf|+ C Va© +4 A .
\/7 A []
2 2
:2,%“%”1 %ﬂug e 2
22 +4
vV Vs sed) =
_rVx + 4 21n ‘ x2 44 2 L 2
=l S
©
(or SEA LR I2+ +21n| Va? ¥4 +x|+0) s
I
EX3 ~
[EX3] ®
@ ILet x = 4Atanb ) Let z = sinb g
dr = 4sec’f d dx = cosf do o
!
if =0, 0=4tanf ..6=0 if e =0, 0=sinf ..0=0 -
1 1
if © =43, 4v3=4tanf .-.azg if &=, 5 =sinf .~.9:%
2 T Asec? z 0do T cos0 do T o1
/ 4sec”0-db :/54560 0do :fdsec9d9 7/ oS . :/0 cos : :/G T
V16 + 16tan’6 o 4sect 0 o (Vi—sinZ6) 0 cos’d o cos’f
{ In|sech + tan 0| ]3 n(2+ v3) = /Esec’-’gd(g = [tan@ ]E -
0 0 \/g
1
t x = sec if x = V2, =secl .. 0=— t w = sin ifl=—, u=——
@ e 0 ‘r= V2, V2 0 -0 Z —> Ie in0 9 Z -
dr = secftan6 df if t =2, 2=sect .'.9:% du = cosb db if0:%7 w = \ég
_ f% sect tanf d / 5 secf tanf df ?( ) 1, ?
% Sec40~ \/Secr‘)@f sec 19. tan@ o f% 1-wdu = u_gu ]\/1
2 2
- /COS(;,N; :(ﬁ_llss)_ 11
T sec 9 z 2 3 8 V2 322
. 3V3 5 3vV3  5V2
p— P— — M 2 . — = _— = —_—
/ cos?6- cos db /L (1 sin (9) cosf do 3 =i S D
4
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@ s r = 3sind r=2—sinf 1 =
Area = —f 6 (RZ—TQ)dﬁ
0 r 0 r 2 %
0 0 0 2 1 pE
_o. L [ 2(p2_ 2
x/6 | 15 T2 |1 =2y /1 (&?=r%)at
6
/2 3 T 2 Ll
57/6 | 1.5 3r/2 | 3 = /f [(3sin6)? — (2— sin6)?] o
T 0 61
= /: [95in29—(4—4Sin9+5in29)]d9
Intersection : 6
3sinf = 2—sinf = f 3 [8sin20 — 4 + 4sind] do
E: ©
4sinf = 2 (1 1
== 1 = /Iﬁ {8(5*5c0326)74+4sin0 d
sinf = 5 EL
g— T 5T = f 2 [~ 4c0s20 + 4sind] do
66 z
= [ — 25in20 — 4cost }:
G
=0 — (72.ﬁ — 4ﬁ) =33
2 2
@ r=2—2cosf 1 QT”
P Area = 25/ (2—2c0s0)%d0 + Area of sector of the circe
r 0
27
3 1 2
0 0 = [ P - 2e0stpan + (372
/2 2 0 2 3
2
’T 4 = / 3 [4—8cosO+4cos?0dd + 37
3m/2 2 o
3 - 2m 0 = / 3 [4—8c059+4(%+%00529) do + 3w
0
. 2m
Intersection : _ / 3 [6— Scosf+2c0s20] df + 3
2—2cosf =3 0 o
— 20050 = 1 { 660 — 8sinf + sin26 ] + 37
1
) =— —
T :47r—8~ﬁ—ﬁ)—0+3w:77r—m o
2r  4m 2 2 2 8
0=—,— <
3 3 a
=
©
@ 7T % 2 % 2 g
e 0= 5 Area = f (3sinf)%ds + f7r (3v/3 cost)’do o)
0 T E
) Intersection : = /?Qsin@dﬂ +/f27c0529d9

3sind = 3v/3 cost

sinf = v/3 costl

sinf

=3
cost
tanf = V3
™
- 9 = —
3

= / (———cos2€)dA9 +/ 27( +;00529)d9

= [ o—— sm2e 3+ 27{la+isin2a ’
2 4 El
3
_ T 1 3 T 1 \/g}
79(6 I 2)]+27[4+0 (6+4 2)
:31_9\/5”7(1 ﬁ)
2 8 128
_ 3 _9V3 9 21V3 15w _ 93
2 8 4 8 4 2
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(1)° 1 1 (z—1%* (z—17° (z—1)*
® ’34(1) ’: ’9(1) ) ’ = ‘ 0 "3 S D r@=eoDs T T o e
=" 1-1
9.
z—2)? —2) z—2)" "t , -2
@ flx)=(z—2) — (T2 31) + (wg 32) + (= 1)”% + - @ [ is an infinite geometric series with r = fIT.
, (=2 |, (-2 o (@—=2)" )= 0 Y 3 __3
fla)=1-"— 3 + (=1 P A z=2  3+(@-2) a+l
1+
3
10.
FO>2)<3 for 2<ax <3.
F90) 6 3 1 1
- < - <— = <
|f(3) 7 (3)| B 6! (3-2) 720 240 200
73-2-1 |01 2 3 bx
-1
-2
-3
11. f(4)(:7c) =e" = e <" for 0<2<0.5
/%) | o 1€ 0y
’@(0.5) ’: ’f(0.5) - P,(0.5) ‘ < ’T(o.5—0) < T(0.5) = 0.0043
12 - 57| _
.| &(0.5) F(05) = £(0.5) | < 5 | = 0-00026
13 ’*1+~+$—2+x—3+ R
ST T 3! n!
4 6 2n
R R S ). E
e " =1 I+2! 3!+ +(=1) o
05, A 26 = 20 27 L2t 0.5
x — 1— 2 R R = | = 2 . n.,
/O ¢ . [ SR I ]‘“ S v R e B @n+1)nl .
_ 0.5°  (0.5°  (0.5)
= (05) 3 5 73t
The series is a convergent alternating series.
To be accurate to three decimal places, the error should be less than 0.0005.
(0.5)° (0.5)7
|B,| < a,.i| <00005 = —ST- =0.003 * g = 0-00018 v
05 _ o (0.5?%  (0.5)°
. Tdr = b) — = 0.461
/0 e dx (0.5) 5t 0.46
14.
ER') (1)1
In2 In3 n_ Inn n
@f(x):1—2x+ ;l! z? — g! 22+ o+ (1) 72! "+ e
3 4 4 2ntl
=1—-92 Y 2 —1)"
G L e Vi e
x 4 . ) 1
® / [1 -2t + lni?tZ - 1n_3td + (=) (711;1 ) t" + } dt @ g(x) is a convergent alternating series.
0
. = 1 5
N L -+ A i + -+ (—1)"7t - + } |2, < a, ] <0002 = 0.5 =0007 , 0.5 = 0.0017
mZ  In3 Inn . o 3;23 02 Ind
3 4 n+1 9 . .
T S R ¢(0.3) = (0.3) — (0.3)* + - =0.242
ot T T T m2 I3
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